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Recall our analogy between C and £(V). Under this analogy, a complex
number z corresponds to an operator S € £(V), and Z corresponds to $*. The
P I D real numbers (z = Z) correspond to the self-adjoint operators (S = §*), and the
olur e("Y r 9\/0 nonnegative numbers correspond to the (badly named) positive operators.
Another distinguished subset of C is the unit circle, which consists of the
complex numbers z such that |z| = 1. The condition [z| = 1 is equivalent to the
condition Zz = 1. Under our analogy, this corresponds to the condition §*S = I,
which is equivalent to S being a unitary operator. Hence the analogy shows that
A" lll o the unit circle in C corresponds to the set of unitary operators. In the next two
11 ' results, this analogy appears in the eigenvalues of unitary operators. Also see
Exercise 15 for another example of this analogy.
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list of eigenvalues list of singular values C‘{“ is m dim E(T) ";"“5)
context: vector spaces context: inner product spaces
defined only for linear maps from a vector | defined for linear maps from an inner
space to itself product space to a possibly different inner
product space

can be arbitrary real numbers (if F = R) | are nonnegative numbers
or complex numbers (if F = C)

can be the empty listif F = R length of list equals dimension of domain

includes 0 <= operator is not invertible | includes 0 < linear map is not injective

no standard order, especially if F = C always listed in decreasing order
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