
propn .
dim US dim V-dim

e
V= null Ti T: V=> V, +Plu /VUO define you+x =e)↓
Tis surj · since every linear functional U-cF extends

to a linear functional V-F

Duality. -
def. U:= (DEV(d(u =0 VueU]

def. V: = ((ViF)

S
def.

V., :, in bresis V I= P(vi)= Sij basis V

def .
T: W'V',h got dim V - nullity T = dimn'-nullity T

- E ↑ nullity T = dim (new'lTice=0L

MCT) = MCT's & dim ImT = dim Im T
= dim Seew'l goT = 0

=> thm - col runn A= row runk A &
I dim (range T (

prope . Tcuri LE
in Tril)

S = dim V'-dim range
T

& rank-nullity

LHS => VwEW EveV sit . Tran

range T = (null i)

= dim V'- Kim Wi- nullity T)
=> Vyew's. PFO , J weW => BHS = dimv'- nullity T

Sit. U(W) + & yerange T== NOT & Sim Vedim
JVEV st . Tre

FrenullT
, g()= +(iv) = p(s) =

= dimv-nullity T

=> NOT = 0 => range T' & (null T1* (inclusion)
YThot surj => T' not inj dim (null T)= dimV- nullity T = ran T

=> JweW sit. Ever TrEW (equal dim)
I

= runk T

=> if Ucwsto & Pr= 0 VwtwEW
,

NOT = O



F(x] is a Euclidean Domain

ul norm day.

=>> division alyo, well-defined
prope . fix=o

<* x-x If

I
Lt Bezont)

F(x] is a UFD -
LHS => fixl = (x-i) Dix +r (rcost)

f(x) = 0 = v= 0

BHS = fix= (x-i) Qixs

7 FToH = X-X are the only monic irred.
=> f(x) = o

F(x] is a PID.
- polyn . s if F= K

Thm.
PEF2] irred .

=) deyp/dim null pLis
Assume [is an ideal in FL,

pEI , m is the monic

↓ d X = deyp

polyn - of leasdey · in I
pixs irred .

= FfEh(p) = X= null p(i) can be thought of as a K-rector space

B(x = pix-mixIQu EI
- Polynomials .

Sin K= F(x)/pi) is a field since pirred ,
dimk

=) p(xs= m(x) Ques + Bix
=>> dim X= dim K . dimnX = deyp - dimnX

dep na

dep
↳ minimality

def
.

F(x = ((V) wrt. TELLY

Eleverage linena/ quadratio no
He

fix 1> f(T) of polyn · factors over IR

Cor
.

every operator on an odd-dim I

vector space has an eigenvalve.

V induction on dim V N
it not

, Geig

null < = F(x] · mix m(x1= p,
(x) ... P(*) assume P,

:

, Pt

for some minimal polyn. MIX quadratic
2) nullity p,

(T)

=> > runk P,
(i) is odd

FTol =) max has a root

E T -
T

gives eigenvalue of T

1 =) T has an eigenvector IH on Trange p,
(i)

Thm . Eigenvalues & Eigenvectors
m(x) = 0 JVEV sit . TrEx

def .
Tr = xV => E(x,T) is T-inv.

((H) = mix = (x-x) Q(x)

m(T) = (T- x1) &(T) =y
Thm ,

V ,...,Un are distinct eigenvectors corr · to distinctI FvEV Q(T)v =- = ↳ minimality S l eigenvalues +1. In> V
, "Un L .

I

.

: JvEV sit . (T-XI)v =

BHS = Tiv= Xi Suppose V.,
"

; V+ is the minimal list of L. D. eigenvectors
St. any list shorter is L .

I

.

=> mIT)v= aov + a ,Tu + ---+ anTh
->

eigrals of Thu I eigrals of T

-
ar +..+ ar+= 0 = al, at all nonzers by

= (a0+ a,
T + .. . + anTR)~ Proprite V

, nuTu to

minimality
= (us + a , x + .. + anx)v ↳

= J T(a, v,
+. . + a+)- x+ (a,v, +... + n++) = 0

V =0 => m(x) =y

Lon
a

a, (x,
-x+ ) v, +.. + a+ 1(x+ - 1

-x+ ) V+1
= - Eminimality

Cp : nu

A make the statement

yThm . /
TELIV)

, V finite-dim = dey mix I dim first
:

UV
bijectivePer vin substita

->

induction on dim V.

Let v
,
Tr

, ..., Tiv be L
.

D
. list of minimal length (vnonzero)

X= Spansr,
ir

, ..., Tv3 ,
cyclic subspace of

By IH
,

minimal polyn.
of Trx

, que has degg-dim UX

Th v = aorta,
Tr +... + anTh => Pi = X"-anx .... -air-no q(i) = X = (pq)(i) = 0

, degpy [dim X + dim V/X

p(Tix) = 0 E
is Tin

= dim W



Thi ,

Xi = B
,
# ... - Brullity Viy:

Where Bi= Cyclic subspaceofemer eariv tois hijective

Xi = SreV/(T= x:I)"v = 0 for some nzl] EBOY - a

Let V = 0
, vexist. Um "veo-o Bispanhu,

Ur
, .... u]-D & Cyclic subspace

dim -> Somap must be bijective&Y = dimXi -dimB - Be = 302 = & by injo + dim any
dim span r, Ur

. ..., van3 = m

YEX:

&
n Y V-inv => Xi= Bi by induction on dim Xi

-det
of E

depends on v

① ' Z = spande , Vie , ...,U 3 where (mig)(v) =
Y = z

° [Xi
,

dimY= dim Xi-dim = dimXi-m

&: Assume xEB St .
x = an-U +... + areas

Assume xEY = zo as well

=> 8( = 0 = g(as) = 0

vir"(() 0 = 20 = 0 =>a,..., an = 0

↑
y is theannihilator of some exiI ③ :

Lemma .

= (y = Xi(q(x)= 0Vy+z) &Y = z8= Geraly EX
:"Jeraly (y) = Vyez ]

zV-in- EY V-inv

LHS => XpEE, YOU EZ

Y= z => VytY , P(y)= 0,

HOUEZ => P(Ur) = 0 => UreY

Cor

mix) = (x-1)" ... (x- x+)"+
<= V= X,

@ ... # X+a

((T-XiI)= (i) Proph . given T is upper-tri ,↑
where U : xi

= 0

Jordan Form
.

1 : if X... ; In are on diagonal , then

(eigenvalues) = (diagonal entries)

Prope .
T diagonalizable (T- <,1) . - (T- xnI) = 8

< M(X) = (X-r. ... (x- ) w/ r
,, , In distinct T-xi] sends spandr .,...,Vil to spandv.....,viel)

=> max/(T-<,2) . . . (T- i n l)
LHS = > X

+
:

; in dings. (T-XI)-.(T-inI) =

=> maxs (CT-II) - · (T-ini) 2)McCree<= : induction on dim V. (T-Xi]) : spandre, ...,rid-e spand ve,.,with

J => T-xit is not injoLet p = (x- r) , g= m/p

y(d(p.2) = 1 => V= nullm(T) = null pri) @nullq(T) Tullget) has min polyn . q(T) Diagonalizability.
null psi) = E(ryi)

,
[H = null g(il=Eri ,T

L
Prope .

T diagonalizable < = > ⑪= concatenate bases of each Exi,i)

Jeigenbasis of T= to obtain subspace of V w/
= v=Em)Y V=Eli ,T) < =) dim

=> Elii ,T) = V
i

god(p, 2) = / = null pq(i) = null p(i) Onully(T)
dim (ELXi,i) = dim

=>i

LHS => Fris Sit · pr(i) + ys(i) = I & = > FreV
,

v= Ecui for eigs us

j

FreU, pr(T)v = On gsCTIves cannot be true => each ni corr · to di
,

VC Eli,T)

=>> pull psi) 1 null q(i) = Go => V= PEKXi,T)



Lemma.

ST= TS E ELiS) is T-inv.

FreEsYs)
,

Su= X

STr= Tbr= xTv => TweElxis

#
Thm

.

S,
T are diagonalizable

3 (F = 4)
3.T share an eigenbasis <= > ST=TS

Thm.- e =: by multiplication of diagonal matrices

Es,
T Sit . ThEST, =: Let Su=X m

Ever c.t. vis eigres .

of Sund T (F = ()
Commuting Operators E(X, S) Trin => TlEcs) has eigenbasis

By FToA , T has an eig x

def . ST= TS concatenate such bases
E(X,T) Sinv => by FToA , SlEchis has eigenvector

VEELS ,T)

↓
? 2 Propn .

Prope;T=TS => Ebasis in which - ST=T) => figs of StT are the

S.T are both upper-tri. sums of eigs of 3 &

eiys of T

(a)(4) = (ixbD]
= (=D

(437(a) = (May



Inner Products

Defn .

OverIR ,
Over K

,

<... ) : VXV- R < > : VxV-- (

- symmetric ,
bilinear

- TVm=i
, conjugate - linear in second var.

- Ver,virs
- FreU, <v> 20 (real

, non-negative
- <VIVI = 0 <= v = G

-

<V ,
v >= 6 <= ) V= O

Thm
. (C-S) 11 x-11 = (x1 . 11-1/

Kurs/Hall. Hull
, Equality ift nice

-iden
--- ..

11 proj(u) 11 I llul

Il projecus(l =/=I1 = Kall

l knvull

* x: V= V
,

vLS ,
v

X is linear but &C) is only conjugate-linear

Cor
. (1) e

non-negative real

In+ 111 = Mull + 1-11
, equality if we'v where <'2

* Bessel's Inequality :

llutull = KullIll+ Sure +<v,2)
, (lull + /1)= Mulle+ 2 all . I-1/

ec
,

"

, en is ON list

< urus <Hall - <vus = Dull - Mull => LHSERMS
=> Ever, 11-kr,e+... + KvemR

allows for A Purseral's Identity : (T: V -(2)

Propr. e injective + (dim downin = dim codomain) = (bijective

A Parseral's Identity [Tei , Tei)
~

= [Tefilfi ,
<Tei

,filj
=&Tei ,fil fj ,

< Tei
, fil fil

Given V is finite-dimensional ,
a : V-IV' is j j

= Sefit<eifil = Stefill
= SkTei,

fil 1
an isomorphism if F= /R and

j

a conjugate-linear bijection it F=& To
acry = 0 = Acricu =

= v=

Thm . (Riesz Rep. *e," en ON basis

Given Vis f
.
d

.,
if ger;

=> v= < r
,e , e, +... + [v ,enter

7 ! VEV sit . q(= <Xiv

Prope . (Schur's Thn)

If TELIV) is upper-triangular in some basis , it is upper-triangular

in some ON basis,

Defn Corthogonal complement) * UEV = veU+

UEV (subset) &
SPEV/Prs= for all wer

Ut : = SveVlavius= 0 for all neUS = SverlqeU]

W
Riesz



Lemma
, * VIV , Uf. d . FueW,

If UEV is fido
,

then V= UQU + IIv-RcvcIl = 11 v-ull

e
, ..., en ON basis of U &

Nr-Pecus/Elr-Pacrs/+ / Pocus-ull
1) Pythagoras

= /Iv-Puri-Peck-ull"
= FreV, projycus = < ve .>e, +... + <renter U Ut = Ilr-n/l

↓ N

[v-projycs , enT = c for all en => v= projy() + CV-project

(+ Unu
+ 2403)

Thm . I
no restriction on V

Defn .

Given only that UCU is fid
,

V = (Utt projection : PeL(v) S.
+ . PEP

Suppose vEV is st . v1U
+

(i. e · ve (Utt) JUEV St . V= LOW
,

P= proje

V= UPU+ = v= new where neU
,

weUt Orthogonal : PELLV) S. 1 . P2= P, p
=P

vIU => <Viw> = cutmn) = (w, m =
projection

= w= = veU = UEV sit . V= Vert
,

P= projy

nullP1 range = p* = P

Bitter
TX w(r) = <T()

,
WT

w

>V
,
T

*
m > =Tr

,
win

Propr . Prope .

Given Vis Ed
.,

(T*)* M(T) = (aij) = M(T*) = (ji)

By defa , (T* )
*

is the unique operator s.
t. Tvj= jwi = dij = <Try , wis

(v
, (T

* )
*

w]r =< T
*

v , wh
w =< Vj ,

T
*
wi]

<Ci**m
,
vi =

= < W,
T*

v] w =>T
*

wi
,
vj]n = Eji

= (T
*

)
*

= T
= < Tw, win

Prope . to all we itPrea

null T
*

= Crange T)
+ elector

T*=o = VweV, < T*
v

,
we =

= EweV
,

< v
,
Th) =



Spectral Theorem (s)

Thm
. weigs Lemma , I

not true it F= IR

T= T
*

=> all roots of mon are real F= C
,

EveV
, <Tr

,
vi = > < Tis

< Tv
, vi = X < V

,
v >

= (v,
T*

v) = < v ,
Tv] =Vit

Cor.
-

VFO =) x=X

Ceiys are F = C
,

VrEU
,

<TriviER <) T=T
*

nonzers
[Triv7 = (v , T

*
n7 = <T

*
v, vi

# <(T-T
* ) v, v = 0 EC T-T

*
=x

Prope
T=T

*
St . <Tr, > = 0 for all ~ = T=

symetricTrue for F= C
,

so ussure FIR &
Hours = o = c

↑ S clashing properties

N: UXV=F
, (rin) +> (Tr

, w) alternating',
i.e. O is antisymmetric,

(bilinear)
i . e. Pcris =- 4Cw.2)

↑Crim = NCWir)
A works for any bilinear function

P(r+w, v+r) =C
as long as division by 2

= U(i)+ Parims + Hcmr+Kyr
is allowed

= 24(v. ) =

Prope ,

T=T *, b24c0 => TE bT+ cl is injective
reverse -3

<CT+bi+ cl) v, v) = < Tv
,
v> + b <Trivi + <Sv. V

-(v= 0)
= IITvll2+ b < Triv> + clull & IITrll"-III/Twill + clo11

= (I r-)+ (c-)n

Prope
T= T

*
=>> T has an eigenvalue

mix= y ,

(x) .. ·g() where each gi is an irred , polym.

if anyy, has dey 1
,

7 eig

else
, gili) injective => mcT) + 0 b



true for EIB as well

Thm
. since T*T-TT*

is self-adj Cor.

T
*
T= TT*=Ml = IT* /I for all new Thornalett the sure eigenvector

LHS < => Ever < CT*
T-TT*) v ,

r > = Tr= x => IITvI = Ill = IIT*-I

< => <T
*
Tr

,
v7 = <TT

*
v

,
v T-x[ normal => 11(T-i)rll= /T*

-TI) all

= (T-x2) v= 0 < (T*-FIIv= 0

Cor .

Tnormal => eigenvectors corr to diff eigenvales are orthogonal

Trav
, Twee

~
assume vfd .

condition than T= T*,
(Tr,< = x<,> = < v,

T*
w) = < V,m) = M < un)

necessary for F=IR

enThm
. (Complex Spectral The .) => (rws(x-m) = 0

If T is normal & F= C
,

FON eigenbusis

F= => Tis upper-tri in some ON basis e .. . . ., en (Schur)

Te = ane1
,

T*e, = ine, + Gen +... + Einen (T*
is conjugate- transpose of T

Il Te. IF= 19.= /IT
*
e= InP+ R

i=>= an =... a= I
·

Thm . (Real Spectral Thm)

If T is self-adj and F=R, JON eigenbusis

hypothesis => Mix = T(x-xi)
= Tupper-tri in some ON basis

T=T
*

=> diagonal



Positive Ops & [someries A TELV)~zE4

T
*

T is positive ,
ZEER

Def .

&
real , non-negative - - if F= C

,
<Tric ER (T

+ -E)
implies T= T

*

Tpon.T= T
*

a Few
, STrK I

TFAE

T positive <=) T=T↑, T has nonnegative eigs Tpositive ,
Twir => < Triv = xvvo

<= FFB where R is positive
=/20 Since <vv>>

= T= B"where R is self-adj T= T*, nonney . eigs = spectral the

1=7 T= R*R = T= ding (d, ..., dn) w/ nonney

di's since eigs zo

= F = ding(5d, -..En)

Thm .

T= R
*R = <Trivi = < R*Rviv) =< RvBu> =

T positive = c F ! RELV) S.
t . R pos ,

T= R

need only show that for ON eigenbasis V.....in of
T

.

Tridivi Bri=Firi => R is uniquely determined

Suppose Tr= xv
,

f
, ... fo ON eigenbusis of R

v= a ,
f

, + . . + aufn A isometry operators on IRIC form

Rfi = Mifi orthogonal/unitary groups

xv=Tv= B= a , upf,
+... + andfor

= U ,x f ,
+. + andfr

For nonzer ai
,

X=M?

Defi TFAE
.

SELIv
,w) is an isometry if Evew, IISull = 12 S is an isometry <= > VueV, [ur] = su,

= ) e,,.., en ON busin = he
, ... Sen Or list)(

<=> Fe., :In UN basis 4t Le
,: Sen SN list

Sis
unitary <= (

*) = [ <=<S=2 = &
*

is unita

Prope < =S
*

= 3

Sunitary <=> eigs st S =
+/

S*=I
, Siding (1, ..., in)



Polar Decomp , SVD

Analogy.
In1B2

, (VM) = CrcoE, rsint) no (r, 8)
If TELLUY,

= CLOSE ,
sing) . r

~ w No
point on

unit circle

Positivenumber Ttie
(unitary (

It zek , zo z=
A unitary op~ point on unit circle

win

Pointon positive =)
circle

A for any TEL(V,
w),

VEnull T
*

T =) ST*

Triv=o C
Tr= o

- T*T is positive
- null T

*T = null T T
*T selfadj => range T* T = Cull T*T)

+

range T
*T = range

T
*

range T
*

= Cull +
+

-

runk T = runn T
*

Defn . (Singular values

The singular values of T are the eigenvalues of #T in decreasing order wh possible repetition
(i) is listed dim ECX.T) times)

Thm
. (SVD)
0

.. ..., On are positive singular ruls. of TEL(VIN)

JON lists e .....evEV
, f.fa EW sit.

Ever, Tres
,
<vef,

+... +


